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Abstract
We propose that the three-dimensional N = 2 SU(2) Chern-Simons theory at
level 1 coupled to an adjoint chiral multiplet with no superpotential is equivalent
to the free field theory consisting of a single massless N = 2 chiral multiplet. In
particular, we show that the two theories have the identical “Z-function” and
identical superconformal index.
Remarkable progress has been made recently on strongly coupled three dimensional
superconformal field theories using supersymmetric localization [1, 2, 3, 4, 5, 6, 7, 8].
In this note we present a computation of the Z-function [5] and superconformal index
[7] of N = 2 SU(2) Chern-Simons theory at level k = 1, coupled to one adjoint chiral
matter multiplet Φ.1 Due to miraculous identities, we will find that they coincide with
that of a single (ungauged) free massless N = 2 chiral multiplet X . In particular, by
minimizing the Z-function we find that the R-charge of Φ is renormalized to ∆ = 1/4
at k = 1, and therefore TrΦ2 has dimension 1/2 and is a free field. This leads us to
propose that the N = 2 SU(2)1 Chern-Simons theory with one adjoint matter is the
free theory of X ≃ TrΦ2, plus possibly a topological sector.
To begin, let us consider the SU(2) Chern-Simons theory at level k coupled to M
adjoint matter fields, with no superpotential. The Z-function, which is defined as the
partition function of the theory on S3 with a choice of R-charge ∆, is computed by the
matrix model (which reduces to a one-dimensional integral for SU(2))
Zk,M(∆) =
∫
du sinh2(2πu)e2πiku
2
eM [ℓ(1−∆)+ℓ(1−∆+2iu)+ℓ(1−∆−2iu)] (1)
where ℓ(z) is the double sine function, given by
ℓ(z) = −z log(1− e2πiz) + i
2
[
πz2 +
1
π
Li2(e
2πiz)
]
− πi
12
,
ℓ′(z) = −πz cot(πz).
(2)
While we do not know a general method to evaluate this integral analytically, it can
be easy performed numerically by rotating the integration contour to eiθR, with some
nonzero phase θ such that the integrand falls off exponentially at the two ends of the
contour. The superconformal R-charge of the IR CFT is then given by the value of ∆
that locally minimizes |Zk,M(∆)|2. We denote this value by ∆k,M . For 1 ≤ k ≤ 4 and
1 ≤ M ≤ 4, we find the following numerical results for ∆k,M :2
M=1 M=2 M=3 M=4
k=1 .25 .303587 .359644 .394141
k=2 .291765 .333243 .371037 .398601
k=3 .326463 .355965 .38259 .404209
k=4 .35593 .374585 .393374 .410183
In particular, at k = M = 1, the renormalized R-charge of Φ is 1/4. While we have not
proven this result analytically, it is confirmed numerically to high accuracy. It then
1Theories of this type have been previously studied in [9, 10, 11].
2∆ takes the value 1/2 in the free limit k → ∞. Our result in the M = 1 case is consistent with
the bound of [11] which was argued by considering superpotential deformations and the s-rule.
1
follows that the gauge invariant operator TrΦ2 has dimension 1/2 which saturates the
unitarity bound, and hence must be a free scalar field, provided that the N = 2 IR
fixed point exists and there are no accidental global symmetries.
Even more surprisingly and unexpectedly, the entire Z-function Z1,1(∆) matches
that of a free chiral multiplet up to a simple phase factor, thanks to the following
identity∫
du sinh2(2πu)e2πiu
2
eℓ(1−∆)+ℓ(1−∆+2iu)+ℓ(1−∆−2iu) =
1
2
√
2
e
pii
2
(1+∆)2−pii
4 eℓ(1−2∆) (3)
We found this identity numerically and confirmed it to high accuracy. A proof should
be possible along the lines of [12]. In other words, the relation between the Z-function
of the SU(2)1 CS + 1 adjoint theory and the free chiral multiplet is
Z1,1(∆) =
1
2
√
2
e
pii
2
(1+∆)2−pii
4 ZX(∆). (4)
The simple phase factor difference between the Z-functions of the two theories could be
due to the contribution from an additional topological sector, e.g. a decoupled abelian
Chern-Simons. The sphere partition function of abelian Yang-Mills-Chern-Simons at
level 2 is given by
Z(∆B) =
∫
dv e2πiv
2
e2π∆Bv =
e
pii
4√
2
e
pii
2
∆2
B , (5)
where the R-charge is given by R = R0 + ∆BB in terms of the classical R-charge
and the topologial (monopole) charge, B. We propose that ∆B should be identified
with ∆ + 1. It is perhaps unsurprising that such a topological sector is needed since
the SU(2)1 Chern-Simons-matter theory violates parity while the theory of free chiral
multiplet X is parity invariant.
To further check the proposed equivalence, we shall compute the superconformal
index [13, 14, 15, 16]
I(x, z) = Tr(−)F e−β(H−R−j3)xH+j3zF˜ (6)
where F is the fermion number, β is a positive real parameter, H is the scaling dimen-
sion, R the superconformal U(1) R-charge, j3 the third component of the spin, and F˜
the global U(1) flavor symmetry with the assignment of charge 1/2 to Φ. The trace
is taken over the spectrum of operators, or equivalently, the Hilbert space of states on
S2. It is a consequence of supersymmetry that the index is independent of β. Super-
symmetric localization gives the following result for the theory with one adjoint flavor
and CS level k: [7]
I(x, z) =
∑
s∈Z
∫ 2π
0
da
4π
e−ikasx−2∆|s|z−2|s| exp
[
∞∑
m=1
1
m
f(eima, xm, zm; s)
]
(7)
2
where ∆ is the renormalized superconformal R-charge of Φ, and
f(eia, x, z; s) = fΦ(e
ia, x, z; s) + fV (e
ia, x; s),
fV (e
ia, x; s) = −eiax2|s| − e−iax−2|s|,
fΦ(e
ia, x, z; s) = z
x∆
1− x2
(
1 + eiax2|s| + e−iax2|s|
)− z−1 x2−∆
1− x2
(
1 + eiax2|s| + e−iax2|s|
)
.
(8)
In (7) the exponentials involving fΦ and fV are the 1-loop determinants from chiral
multiplet Φ and the vector multiplet, respectively. The integer s labels the magnetic
flux sectors on the S2. In the case k = 1, with ∆ = 1/4, we find the result as a power
series in x:
Ik=1(x, z) = 1 + zx
1
2 + z2x+ (−z−1 + z3)x 32 + (−1 + z4)x2 + z5x 52 + z6x3
+ (−z−1 + z7)x 72 + (−2 + z8)x4 +O(x 92 )
(9)
which is in complete agreement with the superconformal index for a free chiral multiplet
X with the assignment of flavor charge F˜ = 1, namely,
IX(x, z) = exp
[
∞∑
m=1
1
m
f0(x
m, zm)
]
, f0(x, z) = z
x
1
2
1− x2 − z
−1 x
3
2
1− x2 . (10)
Furthermore, we find that only the s = 0 and s = ±1 sectors contribute to Ik=1(x, z).
Note that s and −s are gauge equivalent and were simply counted twice in the sum in
(7). Their respective contributions are
Is=0k=1(x, z) = 1 + zx
1
2 + z2x+ z3x
3
2 + (−1 + z4)x2 + z5x 52 + z6x3
+ z7x
7
2 + z−
1
2x
15
4 + (−2 + z8)x4 +O(x 92 ),
Is=±1k=1 (x, z) = −z−1x
3
2 − z−1x 72 − z− 12x 154 +O(x5).
(11)
Note a few peculiar features of these contributions. There is a term z−
1
2x
15
4 from the
s = 0 sector contributions that cancels against a similar term of the opposite sign in the
s = ±1 sector contribution. There are no states of such R charge or scaling dimension
in the free chiral multiplet theory. If we deform the Chern-Simons-matter theory by
adding Yang-Mills coupling so that it is free in the UV, such states would be present
in the UV theory. Presumably, they are lifted in the IR CFT, which must be the case
if our conjecture is correct.
Also, remarkably, the terms zx
1
2 − z−1x 32 , which comes from the single letter oper-
ators X and (ψ¯X)+ (the subscript + labels the j3 = 1/2 component of the fermion),
comes from two distinct magnetic flux sectors in the SU(2)1 CS-matter theory, namely
s = 0 and s = ±1 ! This is consistent because in the SU(2)1 theory there is no gauge
invariant topological charge associated with the magnetic flux.
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Let us comment on a brane construction. The N = 2 U(Nc)k CS theory with one
adjoint can be embedded in type IIB string theory as the low energy theory on two D3-
branes stretched between an NS5-brane and a (1, k) 5-brane [18, 19] (see also [20]). The
NS5-brane is extended along the directions 012456, while the (1, k) 5-brane is extended
along 01245 and at an angle in the 6-9 plane so as to preserve N = 2 supersymmetry.
They are separated along x3. The D3-branes extend in 0123 directions, and are free to
move in the 4-5 plane. Since all fields are in the adjoint, the overall U(1) decouples.
One may attempt to move the NS5-brane across the (1, k) 5-brane [24], but this is
subtle because the 5-branes are not transverse to one another. One may deform the
configuration by rotating say the (1, k)-brane in the 4-7, 5-8 and 6-9 planes in such a
way that the N = 2 supersymmetry is preserved and a mass term is generated for the
adjoint chiral multiplet. The s-rule [17] would then indicate that supersymmetry is
spontaneously broken for k < Nc. In particular, Nc = 2, k = 1 belong to this case. If
we deform the SU(2)1 CS-matter theory by a superpotential mass term TrΦ
2, it should
correspond to deforming the superpotential by W = X in the dual free theory. The
latter indeed leads to F -term supersymmetry breaking.
Let us also comment that the SU(2) CS-matter theory at level k = 2, 3 and M = 1
has renormalized R-charge ∆ < 1/3. The allows a relevant superpotential deformation
by TrΦ6 (in addition to the TrΦ4 deformation which is relevant perturbatively), which
leads to new critical points.
To conclude, we found highly nontrivial evidence for the conjecture that the N =
2 SU(2)1 Chern-Simons theory with one adjoint matter is equivalent to a free field
theory of a single N = 2 chiral multiplet. Such a duality is reminiscent to those of
[21, 22, 23, 20, 10, 24]. It would be nice to prove analytically the identities involving
Z-functions we found. While we have demonstrated that this CS-matter CFT, if exists,
must contain a free chiral multipletX ≃ TrΦ2, there is still in principle the possibility of
a remaining isolated strongly interacting CFT with trivial chiral ring, trivial Z-function
and trivial superconformal index. In previously known examples/conjectures of IR
dualities of strongly coupled theories, the matching of moduli spaces of vacua in the
infrared is a main piece of evidence. In our case we can determine the geometry of the
moduli space (i.e. it is smooth at the origin) using supersymmetric localization method,
which would be otherwise difficult since it is not determined by N = 2 supersymmetry.
If our conjecture is correct, it is likely that this duality is a special case of a more general
family of equivalences involving strongly coupled Chern-Simons-matter superconformal
field theories.
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